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Abstract
Let K be a subﬁeld of %Fp; not necessarily proper, and aðTÞ be an additive
polynomial deﬁned over K : Suppose that f ðxÞAK½x and consider the polynomial
aðTÞ  f ðxÞ over KðxÞ: We provide a method to (i) determine its irreducibility and (ii)
compute the ramiﬁcation groups in the resulting additive extension of KðxÞ: In several
cases, our method is easier to use and provides more information than the Artin–
Schreier theorem. As an application of this method, we study families of additive
extensions of KðxÞ obtained using symmetric polynomials. We prove irreducibility and
determine their ramiﬁcation groups, genera, and number of rational places. We show
that these families contain examples of function ﬁelds with many rational places.
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1. Introduction
We motivate our work with an example. Suppose that q is a power of a
prime p: How does one determine whether the polynomial
Tq
2
þ Tq þ T  ðxq
2þq þ xq
2þ1 þ xqþ1Þ ð1:1Þ
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is irreducible over Fq3ðxÞ? If it is irreducible, and y is a root, then Fq3 ðx; yÞ is
an additive Galois extension of Fq3 ðxÞ: How does one determine the
sequence of ramiﬁcation groups relative to the inﬁnite place in Fq3 ðx; yÞ?
How does one compute the genus of Fq3ðx; yÞ?
The usual technique to analyze additive extensions uses a minor variant of
the Artin–Schreier theorem [9, Proposition III.7.10, p. 117]. The general
setting is as follows. Let K be a subﬁeld of %Fp; not necessarily proper. Given
a ﬁnite subgroup V of the additive group of K ; the ‘‘Fundamental Theorem
of Additive Polynomials’’ [5, Theorem 1.2.1, p. 4] associates to V an
additive polynomial aV ðTÞ given by
aV ðTÞ :¼
Y
vAV
ðT  vÞ:
Let f ðxÞAKðxÞ and consider the extension of KðxÞ obtained by adjoining a
root of the polynomial
aV ðTÞ  f ðxÞ:
To use the Artin–Schreier theorem at a place in KðxÞ; we need to ﬁnd
zAKðxÞ such that the valuation of f ðxÞ  aV ðzÞ at this place is negative and
coprime to p: Then the Artin–Schreier theorem tells us that aV ðTÞ  f ðxÞ is
irreducible and provides us with the different exponent relative to this place
in the extension.
However, in many potential applications, it is not immediately clear
whether some such zAKðxÞ exists. Even when it does, it is often difﬁcult to
ﬁnd, as demonstrated by the example of (1.1). Such cases occur frequently
and some ingenuity is usually required in order to analyze them.
In the ﬁrst part of this paper, consisting of Sections 2 and 3, we address
this situation when f ðxÞAK ½x: We formulate irreducibility criteria and
describe the sequence of ramiﬁcation groups in terms of a new notion called
‘‘coprime degree’’ which is a property of the polynomial f ðxÞ: This means
that in a large number of cases, including (1.1), we can ‘‘read off ’’ the
irreducibility and ramiﬁcation groups by just examining f ðxÞ: This method
avoids the difﬁculties associated with using Artin–Schreier. Moreover, while
the Artin–Schreier theorem provides only the different exponent, our
method provides the sequence of ramiﬁcation groups. The results of this
part of the paper are general and can be applied to a variety of situations.
The second part of this paper, consisting of Sections 4 and 5, provides an
application of these results to families of additive extensions obtained when
f ðxÞAK½x is an ‘‘ðn; qÞ-elementary symmetric’’ polynomial. These families are
interesting in their own right because they contain examples of function ﬁelds
with many rational places for their genus, such as the one given by (1.1).
Hitherto, the irreducibility and genera were known only for isolated examples
within these families. With our results, we are able to determine these
properties for the entire families as well as for their subcovers. We also shed
light on why these families contain function ﬁelds with many rational places.
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2. Irreducibility criterion
For the rest of the paper, we ﬁx the notation introduced in the previous
section. Thus K is a subﬁeld of %Fp; not necessarily proper, and V is a ﬁnite
subgroup of the additive group of K :
In this section, we introduce the notion of ‘‘coprime degree’’ of a
polynomial f ðxÞAK ½x and show that the polynomial aV ðTÞ  f ðxÞ is
irreducible over KðxÞ if the coprime degree of f ðxÞ is positive.
In the deﬁnitions below, a ‘‘term’’ in f ðxÞmeans a monomial with nonzero
coefﬁcient.
Deﬁnition 2.1. A term in f ðxÞ is called a coprime term if its degree is coprime
to p:
Deﬁnition 2.2. A coprime term of degree d in f ðxÞ is called totally coprime if
f ðxÞ has no terms of degree dpi for i > 0:
Deﬁnition 2.3. The coprime degree of f ðxÞ is deﬁned as the degree of the
largest totally coprime term in f ðxÞ if f ðxÞ has totally coprime terms, and
zero if f ðxÞ has no totally coprime terms. The coprime degree of f ðxÞ is
denoted by copðf Þ:
We return to the example given by polynomial (1.1) to illustrate this
concept.
Example 2.4. In polynomial (1.1), we have f ðxÞ ¼ xq
2þq þ xq
2þ1 þ
xqþ1AFq3 ½x: The coprime terms of f ðxÞ are xq
2þ1 and xqþ1: Of these, xqþ1
is not totally coprime since there is a term of degree qðq þ 1Þ in f ðxÞ: The
term xq
2þ1 is totally coprime. It follows that the coprime degree of f ðxÞ is
given by copðf Þ ¼ q2 þ 1:
In the previous example, the fact that the coprime degree was equal to the
degree of the largest coprime term is coincidental. We urge the reader to
construct an example where this is not the case.
We now state the main theorem of this section.
Theorem 2.5. Let K be a subfield of %Fp; not necessarily proper, and let
f ðxÞAK½x: If copðf Þ > 0; then the polynomial aV ðTÞ  f ðxÞ is irreducible over
KðxÞ for each finite subgroup V of the additive group of K :
In order to prove Theorem 2.5, we ﬁrst demonstrate that a factorization
of aV ðTÞ  f ðxÞ into distinct irreducibles gives a factoring of aV ðTÞ  f ðxÞ
through a nontrivial additive polynomial. This is done in the proposition
below.
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Proposition 2.6. Let K be a subfield of %Fp; not necessarily proper, and let
f ðxÞAK½x: If aV ðTÞ  f ðxÞ is reducible over KðxÞ; then there exists a
nontrivial additive polynomial aðTÞAK ½T  and a polynomial gðT ; xÞAK ½T ; x
such that aV ðTÞ  f ðxÞ ¼ aðgðT ; xÞÞ:
Proof. For the purposes of this proof, deﬁne hðTÞ :¼ aV ðTÞ  f ðxÞ as a
polynomial over KðxÞ: Let hðTÞ ¼ g1ðTÞygnðTÞ be a factorization of hðTÞ
over KðxÞ into factors of degree jV j=n:
Let E be the extension of KðxÞ obtained by adjoining a root y of g1ðTÞ:
Notice that hðTÞ actually splits in E because each root of hðTÞ can be
obtained from y by translating by a suitable element of V : Since this action
on the roots of hðTÞ respects the factorization of hðTÞ into g1ðTÞygnðTÞ; it
follows that V acts transitively on the set fg1ðTÞ;y; gnðTÞg:
Let W be the stabilizer of g1ðTÞ in V under this action. Since V acts
transitively on fg1ðTÞ;y; gnðTÞg; we infer that jW j ¼ jV j=n ¼ degðg1Þ: Thus
W is isomorphic to the Galois group of g1ðTÞ: Therefore, we can write g1ðTÞ
as follows:
g1ðTÞ ¼
Y
wAW
ðT  y  wÞ;
¼ aW ðT  yÞ;
¼ aW ðTÞ  aW ðyÞ:
Let Wˆ be a complement of W in V and deﬁne U :¼ aW ðV Þ: Then hðTÞ
factors through the additive polynomial aU as seen below:
hðTÞ ¼
Y
i
giðTÞ;
¼
Y
vAWˆ
Y
wAW
ðT  y  w  vÞ;
¼
Y
vAWˆ
aW ðTÞ  aW ðyÞ  aW ðvÞ;
¼
Y
wAU
aW ðTÞ  aW ðyÞ  w;
¼ aU ðaW ðTÞ  aW ðyÞÞ:
This proves the proposition by setting aðTÞ ¼ aU ðTÞ and
gðT ; xÞ ¼ aW ðTÞ  aW ðyÞ: &
To prove Theorem 2.5, it only remains to show that the factoring of
aV ðTÞ  f ðxÞ through an additive polynomial forces copðf Þ to be zero. We
do this below.
Proof of Theorem 2.5. In Proposition 2.6 we have shown that aV ðTÞ  f ðxÞ
can be factored as aU ðaW ðTÞ  aW ðyÞÞ: Since aU is additive, this implies that
f ðxÞ ¼ aU ðaW ðyÞÞ: Moreover, aU is nontrivial and consists only of terms
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having degrees that are powers of p: It follows that each coprime term in
f ðxÞ having degree d must occur with a term having degree dpi for some
i > 0: In other words, there are no totally coprime terms in f ðxÞ; which
implies that copðf Þ ¼ 0: &
We are now in a position to answer the ﬁrst of the questions with which
we motivated our work at the beginning of this paper. This provides a good
example to demonstrate the use of the criterion developed in this section.
Example 2.7. Consider the polynomial
Tq
2
þ Tq þ T  ðxq
2þq þ xq
2þ1 þ xqþ1Þ:
The coprime degree of f ðxÞ ¼ xq
2þq þ xq
2þ1 þ xqþ1 is given by copðf Þ ¼
q2 þ 1: Since copðf Þ > 0; it follows from Theorem 2.5 that the polynomial is
irreducible over %FpðxÞ (and thus over Fq3ðxÞ) and deﬁnes an additive
extension of Fq3ðxÞ: We urge the reader to verify that it is indeed hard to
establish the irreducibility of this polynomial using Artin–Schreier.
3. Ramiﬁcation groups
Now we turn our attention to the ramiﬁcation groups and the genus of the
extension of KðxÞ obtained by adjoining a root of an irreducible polynomial
of the form aV ðTÞ  f ðxÞ:
We use lower numbered ramiﬁcation groups to state our results. These are
deﬁned below.
Deﬁnition 3.1. Let E=F be a Galois extension of function ﬁelds with Galois
group G: Let P be a place in F and Q be a place in E that lies above P: Then
the ith ramification group of G relative to Q; denoted by Gi; is deﬁned as
Gi :¼ fsAG j sðzÞ  z mod Qiþ1 for all zAE integral at Qg:
For the sake of completeness, we review the ﬁrst properties of
ramiﬁcation groups.
Proposition 3.2. The Gi form a decreasing sequence of normal subgroups of G:
We have G1 ¼ G and Gi ¼ 0 for sufficiently large i: Thus, the ramification
groups define a filtration of G: The group G0 is the inertia group of G: The
group G1 is a p-group and G0=G1 is a cyclic group of order coprime to p:
For more details on the properties of ramiﬁcation groups, we refer the
reader to [7, Chapter IV].
V. Deolalikar / Journal of Number Theory 97 (2002) 269–286 273
We are now ready to determine the initial sequence in the ﬁltration of
ramiﬁcation groups for additive extensions of the rational function ﬁelds.
Again, our results are stated in terms of the coprime degree of f ðxÞ; denoted
copðf Þ:
Theorem 3.3. Let K be a subfield of %Fp; not necessarily proper, and let
f ðxÞAK½x: Suppose that V is a finite subgroup of the additive group of K : Let
E be the extension of KðxÞ obtained by adjoining a root y of an irreducible
polynomial aV ðTÞ  f ðxÞ:
(i) E=KðxÞ is Galois with Galois group G ¼ fy-y þ vgvAV :
(ii) The only ramified place of KðxÞ is the infinite place PN; which is
totally ramified in E:
(iii) If QN is the unique place of E that lies above PN; then the filtration of
ramification groups relative to QN contains the initial sequence
G ¼ G0 ¼ G1 ¼? ¼ Gcopðf Þ:
Proof. Statements (i) and (ii) are straightforward and their proof is omitted.
The main assertion of the theorem is statement (iii) which provides the
initial sequence of ramiﬁcation groups of G relative to QN:
To determine the ramiﬁcation groups, we will use the function iG [7, p. 62
ff.] deﬁned on the elements of G by
iGðsÞXk þ 13sAGk:
For each subgroup H of G; deﬁne ðG=HÞk to be the kth ramiﬁcation
group of the ﬁxed ﬁeld of H ; relative to its unique place lying above PN: Let
%s denote the image of sAG in G=H and deﬁne the function iG=H on the
elements of G=H by
iG=H ð%sÞXk þ 13%sAðG=HÞk:
We know from the Artin–Schreier theorem for each subgroup H of index
p in G and each nonzero %sAG=H that iG=H ð%sÞXcopðf Þ þ 1: Furthermore,
iG=H ð0Þ ¼N:
We claim that for each proper subgroup I of G; the average of the values
of the function iG=I on the nonzero elements of G=I is at least copðf Þ þ 1: To
see this, suppose that jG=I j ¼ pl : Consider the subgroups H that satisfy
ICHCG; with ½G : H ¼ p: These are in 1:1 correspondence with the
subgroups of index p in G=I ; which number ðpl  1Þ=ðp  1Þ: A nonzero
element sAG=I is contained in exactly ðpl1  1Þ=ðp  1Þ of these. Now
Proposition 3 in [7, p. 63] tells us that
iG=H ð%sÞ ¼
1
pl1
X
s-%s
iG=I ðsÞ:
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Since each nonzero sAG=I is nontrivial in exactly pl1 of the G=H; summing
over all nonzero sAG=I gives usX
iG=H ð%sÞ ¼
X
sAG=I
iG=I ðsÞ;
where the summation on the left-hand side is over all subgroups H of index
p in G that satisfy ICHCG and all nonzero %sAG=H:
Each side in the previous equation has the same number of terms, making
the average of the right-hand side equal to the average of the left-hand side.
But as noted previously, each iG=H ð%sÞ is at least copðf Þ þ 1: This forces the
average on the left-hand side to be at least copðf Þ þ 1 and therefore
establishes the claim that the average on the right-hand side is at least
copðf Þ þ 1:
Since the function iG is constant on cyclic subgroups of G; we infer that
iGðsÞXcopðf Þ þ 1 for all sAG (to see this, just choose I ¼ /sS). It now
follows from the deﬁnition of the function iG that the initial sequence of
ramiﬁcation groups is as stated in Theorem 3.3. &
Theorem 3.3 immediately yields a lower bound on the genus which is
computed in the corollary below.
Corollary 3.4. Let the hypothesis and notation be as in Theorem 3.3.
(i) The different exponent dðQNjPNÞ satisfies
dðQNjPNÞX ðqn1  1Þðcopðf Þ þ 1Þ:
(ii) The genus of E satisfies
gðEÞX
ðqn1  1Þðcopðf Þ  1Þ
2
:
Proof. Statement (i) follows from the Hilbert different formula [9, Theorem
III.8.8, p. 124], while statement (ii) follows from the Riemann–Hurwitz
genus formula [9, Theorem III.4.12, p. 88]. &
Next, we show that if the coprime degree is ‘‘large enough,’’ we can
determine the entire sequence of ramiﬁcation groups. Let degðf Þ denote the
degree of the polynomial f ðxÞ:
Theorem 3.5. Let the hypothesis and notation be as in Theorem 3.3. If copðf Þ
satisfies
p copðf Þ > degðf Þ;
then
Gcopðf Þþ1 ¼ 0:
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Proof. Under the added hypothesis, we have iG=H ð%sÞ ¼ copðf Þ þ 1 for each
subgroup H of index p in G and for each nonzero %sAG=H: It follows from a
similar argument as in the proof of Theorem 3.3 that if I is any proper
subgroup of G then the average of the values of the function iG=I on the
nonzero elements of G=I is equal to copðf Þ þ 1:
We claim that this forces iGðsÞ to be equal to copðf Þ þ 1 for every nonzero
sAG: If we assume the contrary, then there must exist sAG such that iGðsÞ >
copðf Þ þ 1: Since iG is constant on cyclic subgroups, we see that /sSaG:
But then the average on G=/sS will be less than copðf Þ þ 1; giving a
contradiction. This establishes the claim.
It now follows from the deﬁnition of the function iG that
Gcopðf Þþ1 ¼ 0: &
Theorem 3.5 enables us to determine the genus precisely in cases where
p copðf Þ > degðf Þ: This is done in the corollary below.
Corollary 3.6. Let the hypothesis and notation be as in Theorem 3.5.
(i) The different exponent dðQNjPNÞ satisfies
dðQNjPNÞ ¼ ðqn1  1Þðcopðf Þ þ 1Þ:
(ii) The genus of E satisfies
gðEÞ ¼
ðqn1  1Þðcopðf Þ  1Þ
2
:
Proof. Similar to the proof of Corollary 3.4. &
Theorems 3.3 and 3.5 provide a complete description of the ramiﬁcation
groups and the genus in a large number of cases, including the one with
which we motivated our work. We are now in a position to answer all the
questions posed at the beginning of this paper for the extension given by
(1.1). This is done in the example below.
Example 3.7. Consider the extension of Fq3 ðxÞ obtained by adjoining a root
y of the polynomial
Tq
2
þ Tq þ T  ðxq
2þq þ xq
2þ1 þ xqþ1Þ
whose irreducibility we have already established in Example 2.7. The
coprime degree of xq
2þq þ xq
2þ1 þ xqþ1 is q2 þ 1: From Theorem 3.3, we get
the initial sequence of ramiﬁcation groups relative to inﬁnity. If G is the
Galois group of the extension, then
G ¼ G0 ¼ G1 ¼? ¼ Gq2þ1:
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The degree of f ðxÞ is q2 þ q: Since pðq2 þ 1Þ > q2 þ q; the hypothesis of
Theorem 3.5 is satisﬁed and we get
Gq2þ2 ¼ 0:
This completes the description of the ramiﬁcation groups for this extension.
Corollary 3.6 now tells us that the genus of this function ﬁeld is
g ¼
ðq2  1Þðq2Þ
2
:
This completes the ﬁrst part of the paper where we developed a machinery
to answer questions about irreducibility and ramiﬁcation groups for
additive extensions of the rational function ﬁeld.
In the second part of the paper, starting with the next section, we show
that the function ﬁeld of Example 3.7 is a typical example of a construction
that uses a class of polynomials called ‘‘ðn; qÞ-elementary symmetric’’
polynomials [1, Chapter 1], [4]. We then use Theorems 3.3 and 3.5 to provide
a complete description of the sequence of ramiﬁcation groups for families of
additive extensions obtained using ðn; qÞ-elementary symmetric polynomials.
Finally we explore links of these families to function ﬁelds with many
rational places for their genus.
4. An application: additive extensions using symmetric polynomials
We now apply the general machinery developed in the previous two
sections to a speciﬁc problem that is difﬁcult to solve using Artin–Schreier.
The problem is to study additive extensions of the rational function ﬁeld
constructed using ‘‘ðn; qÞ-elementary symmetric’’ polynomials. We begin
with the deﬁnition of these polynomials.
Deﬁnition 4.1. Let n be a positive integer and q be a power of a prime p: We
deﬁne the ðn; qÞ-elementary symmetric polynomials fsn;iðTÞg
n
i¼1 as follows.
sn;1ðTÞ ¼
X
0pjpn1
Tq
j
;
sn;2ðTÞ ¼
X
jok
0pj;kpn1
Tq
j
Tq
k
;y; sn;nðTÞ ¼ T1þqþ?þq
n1
:
A more thorough discussion of these polynomials is provided in the
appendix.
Our objects of study are families of additive extensions deﬁned using
ðn; qÞ-elementary symmetric polynomials for n > 1: Since our ﬁeld of
constants is Fqn throughout this section, we denote FqnðxÞ by F :
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Deﬁnition 4.2. Let F ¼ Fqn ðxÞ: For 2pipn; we deﬁne the function ﬁeld
En;i :¼ F ðyÞ;
where y is a root of the polynomial
sn;1ðTÞ  sn;iðxÞ: ð4:1Þ
Note that En;i is an additive extension of F since sn;1ðTÞ ¼ Tq
n1
þ Tq
n2
þ
?þ T is an additive polynomial.
The main obstacle in the study of the extensions En;i=F is that for ian; the
valuation of sn;iðxÞ at the inﬁnite place of F is not coprime to the
characteristic. This means that Artin–Schreier can not be readily used. Thus,
even ascertaining whether polynomial (4.1) is irreducible is not easy.
This obstacle can be overcome by using the results of Sections 2 and 3. We
begin by establishing irreducibility of polynomial (4.1). We ﬁrst compute the
coprime degree of sn;i:
Lemma 4.3. The coprime degree of sn;i is given by
copðsn;iÞ ¼
0; i ¼ 1;
qn1 þ?þ qnði1Þ þ 1 ¼ q
nqnði1Þ
q1 þ 1; 2pipn:
(
For 2pipn; we have copðsn;iÞ > 0:
Proof. By inspection. &
Without further work, this allows us to establish irreducibility of the
deﬁning polynomials for the extensions En;i:
Proposition 4.4. For 2pipn; the following hold:
(i) The polynomial sn;1ðTÞ  sn;jðxÞ is absolutely irreducible.
(ii) En;i=F is a Galois extension, with degree ½En;i : F  ¼ qn1: The Galois
group is GalðEn;i=F Þ ¼ fy-y þ bgsn;1ðbÞ¼0:
Proof. Since copðsn;iÞ > 0 for 2pipn; it follows from Theorem 2.5 that the
polynomial is absolutely irreducible. Statement (ii) is straightforward. &
Next, we turn to the genera of the function ﬁelds En;i: The only place that
is ramiﬁed in the extension En;i=F is inﬁnity. Thus, to determine the genera
of En;i; we only need to determine the complete sequence of ramiﬁcation
groups relative to inﬁnity. We can determine this if the hypothesis of
Theorem 3.5 is satisﬁed by the coprime degrees of the ðn; qÞ-elementary
symmetric polynomials sn;i for 2pipn: We see below that this is indeed the
case.
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Lemma 4.5. For 2pipn; the coprime degree of sn;i satisfies the hypothesis of
Theorem 3.5, namely,
p copðsn;iÞ > degðsn;iÞ:
Proof. The lemma follows immediately by observing that the degree of sn;i is
degðsn;iÞ ¼ qn1 þ?þ qnði1Þ þ qni whereas the coprime degree is
copðsn;iÞ ¼ qn1 þ?þ qnði1Þ þ 1: &
This allows us to apply Theorem 3.5 to the function ﬁelds En;i and thereby
provide a complete description of their ramiﬁcation groups and determine
their genera.
Theorem 4.6. Let QN be the unique place that lies above PN in the extension
En;i=F : Recall from Lemma 4.3 that
copðsn;iÞ ¼
qn  qnði1Þ
q  1
þ 1; 2pipn:
(i) The filtration of ramification groups relative to QN is as follows:
GalðEn;i=F Þ ¼ G0 ¼ G1 ¼? ¼ Gcopðsn;iÞ;
Gcopðsn;iÞþ1 ¼ f0g:
(ii) The different exponent dðQNjPNÞ is given by
dðQNjPNÞ ¼ ðqn1  1Þðcopðsn;iÞ þ 1Þ: ð4:2Þ
(iii) The genus of En;i is given by
gðEn;iÞ ¼
ðqn1  1Þðcopðsn;iÞ  1Þ
2
: ð4:3Þ
Proof. The initial sequence of ramiﬁcation groups in statement (i) follows
from Theorem 3.3. Lemma 4.5 tells us that copðsn;iÞ satisﬁes the hypothesis
of Theorem 3.5, and this provides the complete description of ramiﬁcation
groups. Statements (ii) and (iii) now follow from Corollary 3.6. &
Finally, we compute the number of rational places in En;i: To do this, we
use the property that ðn; qÞ-elementary symmetric polynomials map Fqn into
Fq (see the appendix, Lemma A.4).
Theorem 4.7. Let N1ðEn;iÞ denote the number of rational places in En;i: Then,
N1ðEn;iÞ ¼ q2n1 þ 1: ð4:4Þ
Thus, the number of rational places in En;i is independent of i:
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Proof. The residue ﬁeld at each rational place is Fqn : Thus, we wish to
determine how polynomial (4.1) factorizes over Fqn : From Lemma A.4 in the
Appendix, we know that sn;i maps Fqn into Fq: On the other hand, every
element of Fq has q
n1 pre-images under sn;1 (which is the ‘‘trace’’). Thus,
polynomial (4.1) splits into linear factors over Fqn : It follows from
Kummer’s theorem [9, Theorem III.3.7, p. 76] that each ﬁnite rational
place of F splits completely in the extension En;i=F ; giving qn1  qn ¼ q2n1
rational places in E: In addition to these, there is a totally ramiﬁed place at
inﬁnity, giving a total of q2n1 þ 1 rational places in E: &
Remark 4.8. The results of Sections 3 and 4 can easily be used to analyze
subcovers of additive extensions as well. We show this in the next section by
means of an example.
Now that we have computed the genera and the number of rational places
for the families En;i; we can explore links to function ﬁelds with many
rational places.
5. Links to function ﬁelds with many rational places
The results of the previous section establish the following relations among
the genera and the number of rational places in the families En;i:
Proposition 5.1. The genera and number of rational places of the families En;i
satisfy
gðEn;2ÞogðEn;3Þo?ogðEn;nÞ;
N1ðEn;2Þ ¼ N1ðEn;3Þ ¼? ¼ N1ðEn;nÞ:
Proof. This follows from Theorems 4.6 and 4.7. &
Remark 5.2. This immediately tells us that all examples of function ﬁelds
with many rational places for their genus in the families En;i must belong
to En;2:
A property displayed by several function ﬁelds with many rational places
is the existence of a distinguished subgroup of the automorphism group that
acts transitively on the set of ﬁnite rational places. Thus, all of the ﬁnite
rational places form one orbit under the action of the automorphism group.
This property was known for E2;2 (known as the ‘‘Hermitian function ﬁeld’’)
[8, Satz 5]. We show below that the entire family En;2 possesses this property,
and that it follows from properties of the deﬁning ðn; qÞ-elementary
symmetric polynomials. First, we need a deﬁnition.
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Deﬁnition 5.3. Deﬁne Sa;bðnÞ to be the nth partial sum in the formal series
abq þ baq þ abq
2
þ baq
2
þ abq
3
þ baq
3
þ? :
Thus, Sa;bð1Þ ¼ abq; Sa;bð2Þ ¼ abq þ baq; Sa;bð3Þ ¼ abq þ baq þ abq
2
; and so
on.
We now state our result.
Theorem 5.4. Let ðt; dÞ be the coordinates of a rational point on En;2 for nX2:
Then there exists an automorphism of En;2 given by
x-x þ t;
y-y þ Sx;tðn  1Þ þ d:
The set of these automorphisms keeps F ¼ Fqn ðxÞ fixed and forms a subgroup
of order q2n1 of the full automorphism group of the function field En;2=Fqn :
This subgroup acts transitively on the set of finite rational places of En;2:
Proof. Since sn;1 is an additive polynomial, it follows that
sn;1ðy þ Sx;tðn  1Þ þ dÞ ¼ sn;1ðyÞ þ sn;1ðSx;tðn  1ÞÞ þ sn;1ðdÞ:
Expanding sn;1ðSx;tðn  1ÞÞ; we get nðn  1Þ distinct cross terms in x and t
with all possible pairs of exponents fqj ; qkg for x and t; where jak;
0pj; kpn  1: It is easy, but tedious, to verify that the expansion of sn;2ðx þ
tÞ yields sn;2ðxÞ and sn;2ðtÞ together with the same cross terms in x and t:
Since ðt; dÞ are the coordinates of a rational point, they satisfy sn;1ðdÞ ¼
sn;iðtÞ: This completes the proof that the given mapping is an automorphism.
The remaining statements are straightforward. &
In light of the above, we would expect En;2 to contain more examples of
function ﬁelds with many rational places for their genus. Indeed, this is the
case as shown in the examples below. In each of these, Theorem 5.4 tells us
that the ﬁnite rational places form one orbit under the action of the
automorphism group.
Example 5.5. The Hermitian function ﬁeld E2;2 attains the Hasse–Weil
upper bound on the number of rational places over Fq2 :
Example 5.6. The function ﬁeld E3;2 over F8 appeared in [1,4] and has 33
rational places and genus 8. Thus, it attains the Oesterle´ upper bound for the
number of rational places for its genus.
Example 5.7. The function ﬁeld E3;2 over F27 appeared in [4] and has 244
rational places and genus 36. It has the most rational places for its genus
among known examples of function ﬁelds.
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Remark 5.8. We obtain the results of Examples 5.6 and 5.7 readily by
applying the general machinery of Sections 2 and 3 to the function ﬁelds En;i
and determining their sequence of ramiﬁcation groups. In contrast, the
methods of Garcia and Stichtenoth in [4] are speciﬁc to the example and
require some ingenuity.
We now show that subcovers of En;2 can also have many rational places
for their genus. Furthermore, these can be explicitly described.
Example 5.9. Let F ¼ Fq3ðxÞ: Suppose that b is an element in Fq3 whose trace
in Fq is zero. Consider the subcover of E3;2 given by E
1 ¼ F ðy1Þ; where y1
satisfies
y
q
1 þ ð1þ b
q2qÞy1  ðxq
2þq þ xq
2þ1 þ xqþ1Þ ¼ 0:
(i) E3;2 ¼ E1ðyÞ; where y satisfies
yq  bq1y ¼ y1:
(ii) For q ¼ 2; gðE1Þ ¼ 2 and N1ðE1Þ ¼ 17: The Oesterle´ bound for this
genus and constant field is 18 and was attained by an example of Serre
[6].
Proof. View GalðE3;2=F Þ as a 2-dimensional Fq vector space spanned by
fb1; b2g: Let G1 be the Fq-span of fb1g and E1 be the ﬁxed ﬁeld of G1: Then
the automorphisms of E3;2=E1 are given by fy-y þ ab1gaAFq : Then,Y
aAFq
y  ab1 ¼ b
q
1
Y
aAFq
y
b1
 a ¼ yq  bq11 y ¼ y1:
For (ii), let P1N be the unique place of E
1 lying above PN: Theorem 3.5
tells us that dðP1NjPÞ ¼ ðq  1Þðq
2 þ 2Þ and gðE1Þ ¼ ðq1Þðq
2Þ
2
: Theorem 4.7
tells us that NðE1Þ ¼ q4 þ 1: For q ¼ 2; gðE1Þ ¼ 2 and N1ðE1Þ ¼ 17: &
We conclude with a general remark concerning examples of function
ﬁelds with many rational places constructed using ðn; qÞ-symmetric
polynomials. These ðn; qÞ-symmetric polynomials map into a distinguished
subﬁeld of the ﬁeld of constants of the function ﬁeld (see the appendix,
Lemma A.4). Often, we can vary this subﬁeld to produce more good
function ﬁelds from existing examples. We demonstrate this below by
generalizing a known tower of function ﬁelds over Fpn having an
asymptotically positive N=g ratio. We thereby obtain fðnÞ  1 such towers,
where f is the Euler phi function.
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Example 5.10. Let n > 1 and d be a divisor of n that is not equal to 1. Deﬁne
the tower of function ﬁelds ðF 1d ; F
2
d ;yÞ over Fpn as follows. F
1
d :¼ Fpn ðx1Þ
and for jX1; F jþ1d ¼ F
j
d ðxjþ1Þ where xjþ1 satisﬁes
sd;dðxjþ1Þ þ sd ;dðzjÞ ¼ sd;dðbjÞ;
zj ¼ ajx
mj
j þ bj :
Here aj ; bj are nonzero elements of Fpn=d and mj is a power of p: The
polynomial sd ;d is ðd; pn=dÞ-elementary symmetric. Then, PN splits com-
pletely throughout the tower and every ramiﬁed place in the tower lies
above a rational place in F 1d : The asymptotic value of the ratio of number
of rational places to genus in the tower is independent of d and
satisﬁes
lim
j-N
NðFjd Þ=gðF
j
d ÞX
2
pn  2
:
Thus there are fðnÞ  1 such towers. The tower corresponding to d ¼ n
appeared in [3].
This completes the second part of the paper where we used the machinery
developed in the ﬁrst part to study additive extensions constructed using
ðn; qÞ-elementary symmetric polynomials and explored their links to
function ﬁelds with many rational places.
We provide a more thorough discussion on ðn; qÞ-symmetric functions in
the appendix.
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Appendix. Symmetric functions
The notion of an ðn; qÞ-symmetric function was introduced by the author
in [1, Chapter 2] and, independently, by Garcia and Stichtenoth [4]. These
polynomials apply the idea of symmetry from polynomial rings with several
indeterminates to the setting of polynomial rings in one variable over a
ﬁnite ﬁeld. We recall the construction of ðn; qÞ-symmetric functions from
[1, Chapter 1].
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Deﬁnition A.1. Let K be a ﬁeld and Sn be the symmetry group on n
variables. The ﬁxed points of the natural action of Sn on Kðx1;y; xnÞ will
be called symmetric rational functions, or simply, symmetric functions. These
form a subﬁeld of Kðx1;y; xnÞ:
Deﬁnition A.2. Let fðX Þ ¼ fðx1; x2;y; xnÞ be a symmetric polynomial in
Kðx1; x2;y; xnÞ: Then f ðTÞ :¼ fðT ; Tq;y; Tq
n1
Þ will be called an ðn; qÞ-
symmetric polynomial.
We can then obtain ðn; qÞ-symmetric functions from ðn; qÞ-symmetric
polynomials the same way that we get rational functions from polynomials.
The Fundamental Theorem of Symmetric Polynomials [10, p. 99] is a
central result in the theory of symmetric polynomials in several variables. It
easily translates to an analogous statement for ðn; qÞ-symmetric polynomials.
Theorem A.3. The algebra of ðn; qÞ-symmetric polynomials in KðTÞ is
generated over K by the ðn; qÞ-elementary symmetric polynomials
fsn;iðTÞg
n
i¼1 which are defined below:
sn;1ðTÞ ¼
X
0pjpn1
Tq
j
; sn;2ðTÞ ¼
X
jok
0pj;kpn1
Tq
j
Tq
k
;y;
sn;nðTÞ ¼ T1þqþ?þq
n1
:
Proof. A proof for this statement follows immediately from the funda-
mental theorem of symmetric polynomials in several variables and the
deﬁnition of an ðn; qÞ-symmetric polynomial. &
A useful property of ðn; qÞ-symmetric polynomials that follows from their
construction is that they map Fqn into Fq:
Lemma A.4. Let f ðTÞ be an ðn; qÞ-symmetric polynomial with coefficients in
Fq: If g is in Fqn ; then f ðgÞAFq:
Proof. By construction, each ðn; qÞ-elementary symmetric polynomial is
invariant under raising to the qth power modulo Tq
n
 T : It follows from
Theorem A.3 that each ðn; qÞ-symmetric polynomial with Fq coefﬁcients is
invariant under raising to the qth power when restricted to Fqn : This implies
that its value lies in Fq: &
We conclude by shedding some light on the roots of the ðn; qÞ-elementary
symmetric polynomial sn;i: We ﬁrst need the following lemma.
Lemma A.5. For 2pipn; we have s0n;iðTÞ ¼ sqn1;i1ðTÞ:
Proof. By inspection. &
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We recall that q is a power of a prime p:
Theorem A.6. Let aA %Fp be a root of sn;iðTÞ having multiplicity m:
(i) There exists k with n  i þ 1pkpn such that aAFqk :
(ii) If m is coprime to p; then aAFqn and m  1 mod q:
(iii) If both m and ðm  1Þ=q are coprime to p; then aAFq:
Proof. First, we observe that
s
q
n;iðTÞ  sn;iðTÞ ¼ ðT
qn  TÞsqn1;i1ðTÞ: ðA:1Þ
Using Lemma A.5, this gives
sn;iðTÞðs
q1
n;i ðTÞ  1Þ ¼ ðT
qn  TÞs0n;iðTÞ:
It follows that a root of sn;iðTÞ is either a common root of sn1;i1ðTÞ or lies
in Fqn : If it is a root of sn1;i1ðTÞ; it is either a common root of sn2;i2ðTÞ or
lies in Fqn1 : We iterate this reasoning i  1 times whence we reach
sniþ1;1ðTÞ; all of whose roots lie in Fqniþ1 : This completes the proof of (i).
Now consider a root a of sn;iðTÞ having multiplicity m coprime to p:
Consider Eq. (A.1). Since a is not a root of sq1n;i ðTÞ  1 and it can only occur
to a multiplicity m  1 in s0n;iðTÞ; it follows that it must be a root of T
qn  T ;
implying that it is in Fqn : Further, it can occur only as a simple root of
Tq
n
 T ; whence it is a root of multiplicity m  1 of s0n;iðTÞ: It now follows
from Lemma A.5 that m  1 must be a multiple of q: This proves statement
(ii).
To prove statement (iii), ﬁrst notice that under the hypotheses, statement
(ii) already tells us that aAFqn and it is a root of s
q
n1;i1ðTÞ of multiplicity
m  1: If m  1=q is coprime to p; then statement (ii) tells us that aAFqn1 :
Thus, a lies in the intersection of Fqn and Fqn1 ; which is Fq:
This proves statement (iii). &
For more details of ðn; qÞ-symmetric functions, we refer the reader to [1,
Chapter 1; 4]. For a generalization of the notion of ðn; qÞ-symmetry obtained
by considering ﬁxed points of proper subgroups of the symmetry group, we
refer the reader to [1, Chapter 2; 2].
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